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ABSTRACT 
A suite of analytical benchmarks, called AZURV1, has been developed for 

verification of time-dependent neutral particle transport algorithms in the one group 
approximation. Only 1-D sources in infinite media are considered. The 1-D sources 
include infinite plane, point, infinite line, spherical shell and solid spherical pulsed 
emissions. The analytical solution for each source is based on the solution to the pulsed 
plane source. Transformations between geometries then give scalar flux expressions to 
be numerically evaluated to analytical benchmark accuracy for the fundamental pulsed 
sources considered. 

1. INTRODUCTION 

This presentation is the first in a series describing analytical time-dependent 
benchmarks for verification and, assessment of numerical time-dependent particle 
transport methods. Here, only conventional neutral particle transport benchmarks will be 
considered in a one-dimensional, one group, isotropic scattering setting. Time-dependent 
problems are more complex than stationary ones simply because time adds an additional 
dimension. For this reason, analytical time-dependent solutions to the transport equation 
are rare in 1-D and virtually nonexistent in multi-dimensions. Fortunately, one 
exceptional case, that of an infinite medium, stands out. For a 1-D homogeneous plane 
infinite medium, a truly remarkable time-dependent analytical solution was discovered by 
Monin (Monin, 1956) and expressed in a more complete form by Kholin (Kholin, 1964). 
It is this solution that will be exploited to provide a suite of benchmarks extended to 
curvilinear geometries. 

I 

2. Theory in a Plane Infinite Medium 

A. Multiple Collision Expansion 
In this section, the solution to the time-dependent transport equation in plane 

geometry, 
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will be derived sub-ject to the conditions 

Particle position is measured in mean free path [E-'] and time is measured in mean free 
time [(vE)-'] where v is the particle speed. The medium is assumed to be homogeneous 
and infinite and an isotropic pulse of particles is emitted at the center plane (x = 0) at time 
zero. 

The solution to eqs( 1) is obtained through a multiple collision decomposition of the flux 
4 (x ,p, t ) .  Physically, the flux is viewed as composed of particles that have suffered 

one, two, to an infinite number of collisions. A transport equation can then be written for 
the transport of particles of a given collision order n whose source comes from particles 
of the previous order that have just collided. The source emits only uncollided particles 
into the medium at x = 0 and t = 0 and satisfies 

Pl 

lim 40(XYP,t)< O3 

4o(xyP,0)= 0 * 

IxI+O' 

For particles that have experienced n collisions, the appropriate transport equation is 

(3) 
[:+p&+l]m4n(x,p,t)=-j C l  dp'$n-i(x,p',t) 

2 -1 
lim 4n (x,p,t)< 03 

4n(X,p,O)=o 
IxI+Oo 

The summation of all collided fluxes 4" represents the entire flux at a timeispace point 

provided the series converges which can be shown for all c (Ganapol, 1973). The scalar 
flux is just the angular integral of eq(4) 

This presentation is concerned with the determination of the scalar flux to a high degree 
of accuracy--usually to 4 or 5 place accuracy. 

The multiple collision approach seems counterintuitive with regard to mathematical 
elegance and simplicity. Rather than take advantage of the collective nature of the 
original transport equation, it is unraveled collision by collision. Mathematically, we are 
generating an infinite number of equations from a single equation, which seems rather 

2 



impractical. For this reason, the multiple collision approach is seldom used in the form 
presented here. In numerical circles, this approach is referred to as source iteration but is 
usually reformulated so that an approximate flux is returned at each iterate and an 
intervening acceleration is used to promote convergence. At this point, the theoretical 
advantage afforded by the multiple collision decomposition is not evident. Essentially, a 
single integro-differential equation is transformed into an infinite set of partial 
differential equations thus drastically altering the mathematical nature of the solution. As 
will be shown, this change has a significant theoretical advantage in that a prescription 
for the determination of the collided fluxes will emerge. 

B. Form of the Collided Flux 
By following the particle along its trajectory, the solution to eq(2) can be shown 

to be (Monin, 1956) 
-t 

where q is defined as the dimensionless similarity variable q = x / t  . This expression 
indicates that source particles emitted in direction p can only have traveled a distance d p  
after a time t = x / p  has elapsed from emission. The first collided flux from eq(3) with n = 
1 is found to be 

-t 

with 

where 0 is the Heaviside step function. The particular form of the solution leads 
conveniently to the following general form (Kholin, 1964): 

From an involved analysis in the complex plane, each F,, can be obtained analytically; 
and the scalar flux can be shown to be (Ganapol, 1973) 

where 

with 
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An expression for the angular flux can also be obtained, but usually is of minimal interest 
for benchmarking purposes. 

In the past (Ganapol, 1973), eq(9a) was numerically evaluated to a high degree of 
accuracy; however, in order to treat more comprehensive sources, a more efficient 
numerical algorithm is needed since additional integrations will be required. The 
evaluation of eq(9a) involves a numerical integration at each collision (each n), which 
can be computationally expensive. The computation can be reduced to a single numerical 
integration by performing the summation analytically to give the following expression for 
the flux: 

with 
1n(q)+ iu 

q+itan(:). 
(3+ 

The solution given by eq(l0) will now be used to construct solutions for sources in 
various infinite medium configurations in curvilinear geometry. 

3. Theory for Spherical and Cylindrical Geometry 

A. Point Source 
The scalar flux from a pulsed point isotropic source is most easily obtained from 

the following plane/point transformation: 

This transformation is most simply derived from the corresponding steady state 
expression after a Laplace transform and inversion. It is also valid for any order 
anisotropic scattering but not for heterogeneous media. 

With eq(l1) applied to eq(9a), the scalar flux at the radius Y for pulsed point source 
emission is (Ganapol, 1977) 

9 p t  (rl t )  = @(I -1771) * (12)  

- 

Again by analytically summing the series, a closed form can be obtained 
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with the uncollided and first collided contributions given by 

Now that the point source response has been found, it is only a matter of integration over 
surfaces or lines to find fluxes in other infinite geometries. 

€3. Shell Source 
Consider the isotropic pulsed shell source of radius a shown below. If the source 

is normalized to 40, a point source can be integrated over the surface of the shell to give 

with 

When R is substituted, this expression becomes 
R r2 + a2 - 2arcos(e) . 

If the shell source is normalized such that one particleh is emitted at time zero over the 
entire shell, then 

1 
=2 4m * 

C. Solid Spherical Pulsed Source 
To obtain the flux from a pulsed solid sphere of radius R at a point r outside the 

sphere, the sphere is viewed as composed of continuous shell sources (as shown below). 
The contribution from the internal shell sources in a differential ring are integrated over 
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or on changing variables 

4 SP ( r , t )=  3$jdww[@pl 4nRr (Rw - rl,t)- @pl  (Rw + rl,t) 1 
where the normalization 

4nR3 
40 =3 

has been imposed. Thus, to evaluate this expression, two numerical integrations are 
necessary, though with some manipulation one integral can be transformed into a Q-like 
function, 

D. Infinite Line Source 
The flux form an isotropically emitting infinite line source is found by integrating 

a point source over a line as shown below. This results in 
@~C.,t)=I-MmdZ’@pt(‘.t) (16) 

where 

Noting that the point source flux is zero until the pulse reaches the point (p, z),  eq( 16) can 
be recast into the more numerically convenient form 
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with r = p l t  . The uncollided contribution can be extracted from the integral to give 

where 4 is the collided portion of the flux from a point source. 
P t C  

4. Numerical Implementation and Output 

A. Required Numerical Methods 
The primary numerical procedure required to evaluate the time behavior of the 

scalar flux for the above five sources is numerical quadrature. Two numerical procedures 
have been adapted for this purpose. The first, the evaluation of  the integrals in eqs(9a) 
and (13), is performed using a Gausshgendre quadrature rule of order Lm. The 
integrals over either the plane or point fluxes in eqs(l5) and (17) are also performed 
using a Legendre/Gauss quadrature rule. 

The second procedure is an outer iteration on the quadrature order to ensure analytical 
benchmark quality accuracy. The initial quadrature order is set by the user and 
incremented by 2 until the solution converges to the desired accuracy. The error is 
estimated as the maximum difference between two iterates taken over the edit grid(s) 
(either time, space or both). 

B. Selected Results 
B.l Plane, Point and Line Sources 
The primary numerical procedure required to evaluate the time behavior of the 

scalar flux for the above five sources is numerical quadrature. Two numerical procedures 
have been adapted for this purpose. The first procedure, to evaluate the integrals in 
eqs(9a) and (13), uses a Gausskgendre quadrature rule of order L. The integrals over 
either the plane or point fluxes in eqs(l5) and (17) are also performed using a 
Legendre/Gauss quadrature rule. 

The second procedure is an outer iteration on the quadrature order to ensure analytical 
benchmark quality. The initial quadrature order is set by the user and incremented by 2 
until the solution converges to the desired accuracy. The error is estimated as the 
maximum difference between two iterates taken over the edit grid(s) (either time, space 
or both). 

8 

Tables la-c present examples of convergence of the outer iteration. The plane, point and 
line sources are considered for a conservative (c = 1) medium. The initial quadrature was 
set at 10 and a relative error of was specified. The three sources were run to 
convergence for positions x = 1(1)5 and times t = 1(2)45. Convergence was achieved as 
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Table 2: Quadrature Order for Convergence 
Source Lm 
Plane 26 
Point 34 
Line 26 

shown in Table 2. The values obtained, when compared to those from the evaluation of 
the multiple collision series [Collided Flux Expansion Method, (ganapol, 1977)] , differ at 
most by the relative error of quoted for the plane and point sources. For the line 
source, the quoted relative error is The shaded entries are not within a relative error 
of indicating that the original calculation was more accurate than originally thought. 
Only near the wave front is the line source not as accurate as the point and plane source. 

B.2 Spherical Shell Source 
Because of causality, the flux at a given time t will have reached a position 

(exterior to shell) of x = a + r = t from pulsed spherical shell of radius a. The flux is 
shown in Fig. 1 for a = 1 with the flux for short times after emission shown in the top 
plate. For times less than 1, the pulse has not yet reached the shell center. The dotted 
line with the large increase at r = 0 is very near the time the flux first reaches the center. 
Note that at t = 0.1, the flux has reached only k 0.1 from the point of emission ( r  = 1). 
The bottom plate clearly shows a “rarefaction” wave moving away from the center after 
the flux has become infinite. A comparison of the flux traces from a point source and 
solid spherical source (of radius a=l) at long times is shown in Figure 2. As expected, 
the spherical source appears to behave like a point source at long times 

B.3 Comparison to PARTISN 
The expressed purpose of the time-dependent benchmarks is to provide a 

sufficiently stringent test of time-dependent numerical methods. Currently, the 
PARTISN (Alcouffe, ) discrete ordinateddiamond difference transport code is under 
development at LANL. While PARTISN is primarily to be used as a multi-dimensional 
transport code, a one-dimensional version does exist. Figure 3 shows a comparison 
between the analytical benchmark and PARTISN for an infinite cylindrical pulsed 
source. Exceilent agreement is observed except very near the wavefront where numerical 
diffusion causing blurring of the front. A PARTISN/AZUR comparison for additional, 
more complicated sources, will also be performed. 
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Table la: Plane Source 
estimated max relative error (for lm= 26)= 9.95453-06 
t/x 1.0000E+00 '2.00003+00 3.00003+00 4.00003+00 5.00003+00 
1.00003+00 1.83943-01 0.00003+00 0.00003+00 0.0000E+00 0.0000E+OO 
3.00003+00 
5.00003+00 
7.00003+00 
9.00003+00 
1.10003+01 
1.3000E+01 
1.50003+01 
1.7000E+01 
1.90003+01 
2.10003+01 
2.30003+01 
2.50003+01 
2.70003+01 
2.90003+01 
3.10003+01 
3.30003+01 
3.50003+01 
3.70003+01 
3.9000E+01 
4.10003+01 
4.30003+01 
4.50003+01 

2.39443-01 
1.99573-01 
1.73483-01 
1.55283-01 
1.41753-01 
1.31203-01 
1.22693-01 
1.15643-01 
1.09683-01 
1.04553-01 
1.00073-01 
9.61293-02 
9.26153-02 
8.94603-02 
8.66073-02 
8.40103-02 
8.16333-02 
7.94473-02 
7.74273-02 
7.55543-02 
7.38113-02 
7,21833-02 

9.38393-02 
1.21053-01 
1.22933-01 
1.19353-01 
1.14553-01 
1.09693-01 
1.05143-01 
1.0096E-01 
9.71673-02 
9.37203-02 
9.05843-02 
8.77213-02 
8.50993-02 
8.26893-02 
8.04653-02 
7.84053-02 
7.64923-02 
7.47083-02 
7.30423-02 
7.14803-02 
7.00133-02 
6.86313-02 

8.29823-03 
4.95963-02 
6.80293-02 
7.63853-02 
7.99863-02 
8.12013-02 
8.11593-02 
8.0438E-02 
7.93493-02 
7.80673-02 
7.66933-02 
7.52873-02 
7.38853-02 
7.25093-02 
7.11693-02 
6.98733-02 
6.86253-02 
6.74253-02 
6.62733-02 
6.51683-02 
6.41083-02 
6.30923-02 

0.0000E+OO 
1.18233-02 
2.84483-02 
4.01863-02 
4.79543-02 
5.30243-02 
5.63053-02 
5.83913-02 
5.96643-02 
6.03773-02 
6.06993-02 
6.07443-02 
6.05933-02 
6.03023-02 
5.99103-02 
5.94493-02 
5.89383-02 
5.83933-02 
5.78273-02 
5.72473-02 
5.66623-02 
5.60743-02 

O.OOOOE+OO 
6.73853-04 
8.41593-03 
1.70043-02 
2.44333-02 
3.03723-02 
3.49863-02 
3.85313-02 
4.12413-02 
4.33053-02 
4.48693-02 
4.60433-02 
4.69123-02 
4.75433-02 
4.79843-02 
4.82753-02 
4.84453-02 
4.85193-02 
4.85163-02 
4.84503-02 
4.83343-02 
4,81773-02 

Table lb: Point Source 
estimated max relative error (for lm= 34)= 9.53653-06 

t/x 1.00003+00 2.00003+00 3.00003+00 4.00003+00 5.0000E+00 
1.00003+00 6.94373-01 0.00003+00 0.00003+00 0.00003+00 0.00003+00 
3.00003+00 
5.00003+00 
7.00003+00 
9.00003+00 
1.10003+01 
1.30003+01 
1.50003+01 
1.70003+01 
1.90003+01 
2.10003+01 
2.30003+01 
2.50003+01 
2.70003+01 
2.90003+01 
3.10003+01 
3.30003+01 
3.50003+01 
3.7000E+01 
3.90003+01 
4.10003+01 
4.30003+01 

2 -20033-02 
1.03503-02 
6.27163-03 
4.30893-03 
3.19163-03 
2.48543-03 
2.00593-03 
1.66293-03 
1.40763-03 
1.21153-03 
1.05703-03 
9.32833-04 
8.31173-04 
7.46723-04 
6.75653-04 
6.15193-04 
5.63233-04 
5.18203-04 
4.78863-04 
4.44263-04 
4.13633-04 

1.01873-02 
6.57413-03 
4.54183-03 
3.35383-03 
2.60043-03 
2.09003-03 
1.72633-03 
1.45663-03 
1.25033-03 
1.08843-03 
9.58513-04 
8.52523-04 
7.64703-04 
6.90963-04 
6.28343-04 
5.74643-04 
5.28163-04 
4.87623-04 
4.52013-04 
4.20533-04 
3.92543-04 

1.04413-02 
2.95663-03 
2.61443-03 
2.19443-03 
1.84173-03 
1.56253-03 
1.34233-03 
1.16703-03 
1.02563-03 
9.09863-04 
8.13963-04 
7,33533-04 
6.65363-04 
6.07023-04 
5.56663-04 
5.12843-04 
4.74443-04 
4.40583-04 
4.10543-04 
3.83753-04 
3.59743-04 

O.OOOOE+OO 
8.55523-04 
1.16543-03 
1.19373-03 
1.12743-03 
1.03503-03 
9.41073-04 
8.53973-04 
7.76043-04 
7.07303-04 
6.46943-04 
5.93943-04 
5.47323-04 
5.06153-04 
4.69673-04 
4.37203-04 
4.08193-04 
3.82173-04 
3.58733-04 
3.37543-04 
3.18323-04 

0.0000E+OO 
5.08713-04 
3.82883-04 
5.30163-04 
5.91233-04 
6.04423-04 
5.92943-04 
5.69503-04 
5.40893-04 
5.10713-04 
4.80863-04 
4.52293-04 
4.25423-04 
4.00423-04 
3.77283-04 
3.55953-04 
3.36303-04 
3.18203-04 
3.01523-04 
2.86153-04 
2.71953-04 

4.50003+01 3.86373-04 3.67523-04 3.38123-04 3.00833-04 2.58823-04 
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Table IC: Line Source 
estimated max relative error ( f o r  lm= 26)= 9.15513-06 

t/x 1.00003+00 2.00003+00 3.00003+00 4.00003+00 5.00003+00 
4.14023+01 0.00003+00 0.00003+00 0 .00003+00  0.00003+00 1.00003+00 

3.00003+00 
5.00003+00 
7.00003+00 
9.00003+00 
1.10003+01 
1.30003+01 
1.50003+01 
1.70003+01 
1.90003+01 
2.10003+01 
2.30003+01 
2.50003+01 
2.70003+01 
2.90003+01 
3.10003+01 
3.30003+01 
3.50003+01 
3.70003+01 
3.90003+01 
4.10003+01 
4.3000E+01 
4.50003+01 

7.43613-02 3.20093-02 
4.60243-02 2.86033-02 
3.32613-02 2.38363-02 
2.60293-02 2.01353-02 
2.13763-02 1.73473-02 
1.81333-02 1.52053-02 
1.57443-02 1.35213-02 
1.39113-02 1.21653-02 
1.24603-02' 1.10533-02 
1.12823-02 1.01253-02 
1.03083-02 9.33933-03 
9.48933-03 8.66593-03 
8.79073-03 8.08253-03 
8.18783-03 7.57233-03 
7.66243-03 7.12243-03 
7.20023-03 6.72283-03 
6.79073-03 6.36543-03 
6.42523-03 6.04413-03 
6.09713-03 5.75353-03 
5.80083-03 5.48953-03 
5.53203-03 5.2487E-03 
5.28703-03 5.02803-03 

6.22613-01 
1.23153-02 
1,34633-02 
1.30343-02 
1.22013-02 
1.13123-02 
1.04763-02 
9.71973-03 
9.04653-03 
8.44933-03 
7.91913-03 
7.44703-03 
7.02503-03 
6.64623-03 
6.30473-03 
5.99553-03 
5.71443-03 
5.45793-03 
5.22303-03 
5.00713-03 
4.80803-03 
4.62403-03 

0.00003+00 
3.26503-03 
5.82103-03 
6.97603-03 
7.39293-03 
7.44093-03 
7.30643-03 
7.08423-03 
6.82393-03 
6.55163-03 
6.28093-03 
6.01933-03 
5.77003-03 
5.53463-03 
5.31353-03 
5.10623-03 
4.91223-03 
4.73063-03 
4.56063-03 
4.40143-03 
4.25203-03 
4.11193-03 

0.0000E+OO 

3.82283-03 
4.30423-03 
4.57213-03 
4.69983-03 
4.73673-03 
4.71503-03 
4.65583-03 
4.57313-03 
4.47613-03 
4.37113-03 
4.26203-03 
4.15183-03 
4.04233-03 
3.93473-03 
3.82983-03 
3.72813-03 
3.62993-03 
3.53523-03 
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